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Ferromagnetic interactions in three-dimensionally stacked organic-radical assemblies were deduced under periodic
boundary conditions. Although the topological-linkage patterns apparently contained pentavalent carbon atomic sites
due to the three dimensionalities, it was shown that the degenerate non-bonding crystal orbitals (NBCOs) were subject
to orbital mixing to form Wannier-transformed NBCOs, analogous to non-Kekulé polymers. In the ferromagnetic �–�
stacking modes, the NBCOs were spread over more than two adjacent unit cells. On the other hand, in the �–� anti-
ferromagnetic stacking modes, the NBCOs were localized only at one unit cell. High-spin preferences in the ferromag-
netic stacking modes were attributed to anti-parallel-spin instabilities in effective two-electron wave functions consisting
of products of NBCOs (PNBCOs). Our analysis was confirmed by theoretical calculations.

Organic-radical assemblies with three-dimensional �–�
stacking modes are promising candidates for molecular ferro-
magnets. In 1963, McConnell proposed high-spin criterion of
organic-radical assemblies based on Heisenberg Hamiltonian:1

HAB ¼ �SA�SBX
i; j

JABij �
A
i �

B
j ðJABij < 0Þ ð1Þ

where SA and SB are spin operators of molecule A and B, re-
spectively, and JABij is the exchange integral. JABij is negative
in usual organic compounds, as is based on valence bond theo-
ry.2 �A

i and �B
j are spin densities at the i-th site in molecule A

and the j-th site in molecule B, respectively. That is, spatially
stacked spin-polarized � systems are predicted to be ferromag-
netic when spin-density products become negative as much as
possible. Then, the Hamiltonian in eq 1 is minimized. This
means that spin polarization is expected at each adjacent carbon
atomic site in organic-radical assemblies. 1 and 2 in Figure 1
are two possible ferromagnetic stacking modes of allyl-radical
dimer, which is the simplest organic-radical assembly. The
conformational parameters are also shown. Both in 1 and 2,
the carbon atomic sites are combined between so-called starred
atoms and unstarred atoms. Within valence bond theory, up and
down spins are induced on starred and unstarred atoms, respec-
tively. 1 has two linking point of starred and unstarred atoms, as
shown by the dashed lines in Figure 1. High-spin stability in 1
has been established by the unrestricted Hartree–Fock (UHF)
method, in which spin-polarization effects are well described.3

2 has only one linking point of starred and unstarred atoms, as
shown in Figure 1. To our knowledge, spin states in 2 have not
been studied in detail, but it is worthwhile to clarify the spin
states of 2 in that this is considered to be another ferromagnetic
isomer of allyl-radical dimer. McConnell’s proposal has been
applied to more complicate systems such as diphenylcarbene
oligomers and/or polymers,4,5 of which high-spin states have
been experimentally established.6–8

Although McConnell’s proposal is based on valence bond
theory, there have been some attempts to complement this pre-
diction in view of molecular orbital methods.9,10 That is, high-

spin stabilities in organic-radical assemblies have been attrib-
uted to degeneracy of non-bonding molecular orbitals
(NBMOs) and Hund’s rule. Figure 2 shows amplitude pattern
of NBMOs in 1 and 2, respectively. In the dimers, there are
two NBMOs originated from an allyl radical. Each NBMO
of allyl-radical moiety has nodes at the central carbon atomic
sites, and thus, two NBMOs in the dimers are not overlapped
with each other. Then, two NBMOs are degenerate, and
thus, lead to triplet stabilities due to Hund’s rule. Thus,
McConnell’s proposal has been complemented in view of
the non-overlapping interactions between NBMOs.9,10
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Figure 1. Molecular structures of allyl-radical assemblies.
Both 1 and 2 are ferromagnetic stacking modes.
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However, in order to deduce high-spin states in NBMO-
degenerate systems, orbital mixing between NBMOs should
be taken into account, because NBMOs are not uniquely
determined due to degeneracy. The possibility of orbital mix-
ing in NBMO-degenerate systems has been pointed out in
so-called disjoint/nondisjoint biradicals including non-
Kekulé biradicals by Aoki and Imamura.11 Moreover, it has
been shown that NBMOs in disjoint/nondisjoint biradicals
and/or polyradicals should be localized as much as possible
so that the exchange integrals are minimized.11–13 Such
NBMOs are called ‘‘localized NBMOs.’’ In the case of
non-Kekulé biradicals, the localized NBMOs are obtained by
unitary transformations of corresponding canonical orbitals.11

Therefore, in organic-radical assemblies, we should also con-
struct localized NBMOs instead of usual NBMOs, analogous
to non-Kekulé biradicals. Localized NBMOs in three-dimen-
sionally stacked organic-radical assemblies also seems to be
determined uniquely by unitary transformation, because link-

age patterns of the carbon atomic sites resemble those of
non-Kekulé systems.

That is, in the present case, molecular skeletons of 1 and 2
resemble those of non-Kekulé biradical 1,3-dimethylenecyclo-
butadiene (3 in Figure 3) and 1,1-dimethylene-1,3-butadiene (4
in Figure 3), respectively. Both 3 and 4 are nondisjoint biradi-
cals with triplet ground states.14,15 Therefore, the orbital mixing
patterns and resultant localized NBMOs in 1 and 2 are obtained
by comparing them with those in 3 and 4, respectively. This sit-
uation is schematically shown in Figure 4. The canonical-type
NBMOs are mixed by proper unitary transformations11 to form
localized NBMOs, and resultant product PNBMOs (product of
NBMOs) become rich in ionic terms due to the nondisjoint
character. PNBMOs are effective two-electron wave functions
consisting of product of NBMOs,16 as explained below.

In nondisjoint biradicals, the high-spin stabilities have been
rationalized to anti-parallel-spin instabilities in PNBMOs.16

PNBMO is defined as follows:
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Figure 3. Molecular structures of non-Kekulé biradicals
1,3-dimethylenecyclobutadiene (3) and 1,1-dimethylene-
1,3-butadiene (4).
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Figure 2. Non-overlapping interactions between two non-
bonding molecular orbitals (NBMOs) of 1 and 2.
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Figure 4. Orbital-mixing patterns in 1, 2, 3, and 4. These molecules are triplet stable due to the ionic character in the product of
NBMOs (PNBMOs).
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�i ¼
X
r

Cri�r ð2Þ

�j ¼
X
s

Csj�s ð3Þ

PNBMOi; j ¼ �ið1Þ�jð2Þ ¼
X
r

X
s

CriCsj�rð1Þ�sð2Þ

¼� C
X
r

CriCrj�rð1Þ�rð2Þ ð4Þ

where Cri and Csj are Hückel-molecular-orbital coefficients on
the carbon atomic site r and s in NBMO �i and �j, respective-
ly. � represents 2pz carbon atomic orbitals. The electron num-
bers 1 and 2 are added for clarity. The summation includes all
carbon atomic sites. The differential overlaps were neglected
in the approximation (NDO approximation). The NDO approx-
imation is adequate for the present purpose. Here, we apply the
PNBMO concept for explanation of triplet stabilities of 1, 2, 3,
and 4. The localized NBMOs of 1, 2, 3, and 4 span common
atoms, and thus, PNBMOs contain ionic terms within the
Hückel molecular orbital method. Again, this is schematically
seen from Figure 4. Then, resultant simultaneous occupancy of
two electrons at the same carbon atomic site leads to singlet
instabilities due to the Pauli principle. This is the origin of
the triplet stabilities of 1, 2, 3, and 4. Intuitively, the PNBMOs
of 1 and 2 are obtained by comparing the molecular structures
of them with 3 and 4, because topological linkages of 1 and 2
are identical to those in 3 and 4.

Based on the perspective above, we can also expect orbital
mixing and localization in organic-radical extended systems,
in which organic radicals are stacked through three-dimension-
al �–� interactions. 5 in Figure 5 is an extended system of 1,
of which high-spin state and spin-polarization effect also have
been established by analyzing the corresponding oligomers.3

This is a ladder-like polymer of which point group belongs

to Ci. 6 is an extended system of 2, in which starred atoms
and unstarred atoms are connected only by one linking point
per unit cell. The point group belongs to C1 (asymmetry).
From the McConnell prediction, this is also considered to be
ferromagnetic due to the spin-polarization rule. The high-spin
stability of this polymer is theoretically deduced later. 7 is an-
other type of extended systems of 1, of which the linking mode
is different from 5. The point group belongs to Ci. Intuitively,
this polymer also seems to be ferromagnetic, because a spin-
polarization structure can be formally drawn, similar to 5.
However, as is shown later, this is not a ferromagnetic but
an antiferromagnetic polymer, contradictory to the spin-polar-
ization rule. Thus, the spin-polarization rule is inadequate to
distinguish magnetic properties of organic-radical assemblies.
We propose that the origin of magnetic ordering in the �–�
stacking modes result from anti-parallel-spin instabilities in ef-
fective two-electron wave functions consisting of products of
non-bonding crystal orbitals (NBCOs) rather than the simple
spin-polarization rule.

In this paper, we present a simple method to distinguish
ground-state spin states of organic-radical assemblies based
on a Hückel-like molecular orbital method. We show that
NBMOs or NBCOs in organic-radical assemblies are subject
to orbital mixing to form localized three-dimensional NBMOs
or NBCOs. In particular, in extended systems, NBCOs
form Wannier functions, similar to non-Kekulé polymers.
Whereas in the ferromagnetic stacking modes, the Wannier
functions are spread over more than two adjacent unit cells,
in the antiferromagetic stacking modes, the Wannier functions
are localized only at one unit cell. High-spin preferences in
the ferromagnetic stacking modes were attributed to anti-paral-
lel-spin instabilities in effective two-electron wave functions
consisting of products of NBCOs (PNBCOs), similar to non-
Kekulé polymers.17,18 Our analysis is confirmed by theoretical
calculations.
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Figure 5. Molecular structures of poly(allyl radical) assemblies. 5 and 6 are ferromagnetic, and 7 is antiferromagnetic.
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Theoretical

Allyl-Radical Dimers. Before we discuss the magnetic
ordering of the extended systems, the relationships between
exchange integrals and NBMOs coefficients are explained by
analyzing the dimer models. As is described above, topological
linkage of carbon atomic sites in allyl-radical dimers 1 and 2
resemble those in triplet biradicals 3 and 4, respectively.

Here, we consider exchange integrals of 1 and 2 comparing
them with those in non-Kekulé biradicals 3 and 4. In the case
of non-Kekulé biradicals including 3 and 4, exchange integrals
Kij between two NBMOs are approximately proportional to the
Lij index, which has been introduced by Aoki and Imamura:11

Kij ¼
ZZ

�ið1Þ�jð1Þ
e2

r12
�ið2Þ�jð2Þd�1d�2

¼
X
r

X
s

X
t

X
u

CriCsjCtiCujðrsjtuÞ ð5Þ

¼�
X
r

C2
riC

2
rjðrrjrrÞ /

X
r

C2
riC

2
rj ¼ Lij

where (rsjtu) is the electron-repulsion integral with only one-
centered integrals taken into account. Cri and Crj are coeffi-
cients on the r-th carbon atomic sites in the i-th and j-th local-
ized NBMOs, respectively. From eqs 2–4, we see that Lij in-
dex is identical to the square of norm in PNBMOs, that is,
sum of the squared amplitudes of PNBMOs.16 Therefore, in
3 and 4, we can image from Figure 4 that the simple products
between the coefficients on the same carbon atomic sites of
each NBMO becomes CriCrj, and the sum of the their squares
Cri

2Crj
2 is approximately proportional to the exchange inte-

grals.
In the same manner, exchange integrals in ally-radical di-

mers 1 and 2 are considered to be qualitatively proportional
to the sum of the square amplitude of PNBMOs coefficients.
Apart from the orientation of the 2pz carbon atomic orbitals,
the exchange integrals are also approximately proportional to
Cri

2Crj
2, where Cri and Crj are also localized-NBMOs coeffi-

cients. Thus, exchange integrals in organic-radical dimers are
also rationalized to NBMOs coefficients, analogous to non-
Kekulé biradicals.

Allyl-Radical Polymers. Next, we consider allyl-radical
polymers 5, 6, and 7 (Figure 5). These are extended systems
of ally-radical dimers. In extended systems, we need to con-
struct localized NBCOs instead of localized NBMOs. In the
case of non-Kekulé polymers, the method for construction of
localized NBCOs has been established under one-dimension-
al17 and two-dimensional18 periodic boundary conditions by
using Wannier transformation. Moreover, the high-spin stabil-
ities in non-Kekulé polymers have been attributed to anti-par-
allel-spin instabilities in effective two-electron wave function
PNBCOs. Analogous to non-Kekulé polymers, NBCOs in or-
ganic-radical assemblies should be subject to orbital mixing,
because the NBCOs are also degenerate. Considering the
perspective described above, we adopt Wannier-transformed
NBCOs, which are localized expressions of Bloch-type
NBCOs. The method for construction of Wannier-transformed
NBCOs follows.

We first show that topological linkage of carbon atomic
sites of 5 is reduced to the non-Kekulé-like skeleton 50 as de-
scribed in Figure 6. In Figure 6, only carbon atomic sites are
shown. The skeleton apparently resembles those in non-Kekulé
polymers in that terminal methylene groups are radical centers.
Strictly speaking, 50 is not a non-Kekulé skeleton, because it
apparently contains pentavalent carbon atoms at the unstarred
atoms. However, we can perform simple Hückel-like molecu-
lar orbital analysis on 5 by focusing only on the purely topo-
logical linkage 50, as described below.

We define the unit cell of 50 as described in Figure 6. The
unit cell contains two allyl-radical moieties. The numbers 1–
6 in the unit cell are indices of the carbon atomic sites. N rep-
resents the number of unit cells, and � is the lattice vector.
Here, we construct Bloch functions of 50. We focus only on
the non-bonding Bloch functions. In the present case, the
Bloch functions are created by non-bonding 2pz atomic orbi-
tals, similar to non-Kekulé polymer. However, our treatment
in 5 is different from usual crystal orbital methods in that
the 2pz atomic orbitals as basis set are oriented not perpendic-
ular but parallel to the lattice vector �. The orientation of the
2pz atomic orbitals is also schematically shown in Figure 6. In
Figure 6, the 2pz atomic orbitals are symbolically depicted on-
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Figure 6. Carbon atomic linkage in 5. The skeleton of 5 is formally reduced as 50.
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ly on the starred atoms, similar to usual non-Kekulé systems.
Then, the 2pz atomic orbitals in 5 form quasi NBCOs, similar
to non-Kekulé chain polymers. Thus, we can formally deduce
the Bloch functions of 5 by solving the Hückel-type secular
equation. Although the Coulomb and resonance integrals are
different from the usual Hückel method, we can construct
the approximately non-bonding bands by focusing only on
the zero-energy dispersions.

The Bloch function ’k is generally expressed by using
NBCOs coefficients CrðkÞ, which depend on wavenumber k

running �� to �:

’k ¼
1ffiffiffiffi
N

p
XN
�

Xn
r

expðik�ÞCrðkÞ��;r ð6Þ

where � and r are indices of a unit cell and atomic orbitals
therein, respectively. N and n are number of unit cells and
atomic orbitals therein, respectively. � represents the 2pz
atomic orbitals. In the case of 5, r runs 1 to 6. The NBCOs
coefficients CrðkÞ are obtained by solving the secular equation
as follows:

x 1 0 0 0 0

1 x 1 1þ eik 0 0

0 1 x 0 1þ eik 0

0 1þ e�ik 0 x 1 0

0 0 1þ e�ik 1 x 1

0 0 0 0 1 x

���������������

���������������
¼ 0 ð7Þ

where x is:

x ¼
�� "
�

ð8Þ

� and � are Coulomb and resonance integral, respectively. " is
orbital energy.

The NBCOs correspond to the dispersion with x ¼ 0. In the
case of 5, the NBCO bands are doubly degenerate, because
there are two radical centers in the unit cell. As the NBCOs
coefficients CrðkÞ, we obtained two linear-independent roots
Cr;aðkÞ and Cr;bðkÞ:

C1;aðkÞ ¼
1ffiffiffi
2

p �
2þ eik

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p þ
1

2
cos k

� �
;

C1;bðkÞ ¼
1ffiffiffi
2

p �
2þ eik

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p �
1

2
cos k

� �
ð9Þ

C2;aðkÞ ¼ C5;aðkÞ ¼ 0; C2;bðkÞ ¼ C5;bðkÞ ¼ 0 ð10Þ

C3;aðkÞ ¼
1ffiffiffi
2

p
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p þ
1

2

� �
;

C3;bðkÞ ¼
1ffiffiffi
2

p
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p �
1

2

� �
ð11Þ

C4;aðkÞ ¼
1ffiffiffi
2

p
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p �
1

2

� �
;

C4;bðkÞ ¼
1ffiffiffi
2

p
1

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p þ
1

2

� �
ð12Þ

C6;aðkÞ ¼
1ffiffiffi
2

p �
2þ e�ik

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p �
1

2
cos k

� �
;

C6;bðkÞ ¼
1ffiffiffi
2

p �
2þ e�ik

2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p þ
1

2
cos k

� �
ð13Þ

where ‘‘a’’ and ‘‘b’’ are indices of the two bands.
Since CrðkÞ generally becomes a complex number, we adopt

the real part as follows:

C0
rðkÞ ¼

1

2
fCrðkÞ þ CrðkÞ�g ¼

1

2
fCrðkÞ þ Crð�kÞg ð14Þ

where CrðkÞ� is the complex conjugate of CrðkÞ. This proce-
dure guarantees even-function character of Wannier functions,
which is applied later. The imaginary parts do not contribute to
the Wannier-function coefficients.

The Wannier functions are generally expressed by using the
following transformation:19

 	 ¼
XN
�

Xn
r

arð�� 	Þ��;r ð15Þ

where arð�� 	Þ is:

arð�� 	Þ ¼
1

2�

Z �
��

expfið�� 	ÞkgC0
rðkÞdk ð16Þ

in the limit of N ! 1.
The coefficient arð�� 	Þ depends on only the difference

(�� 	). We express (�� 	) as �:
� ¼ �� 	 ð17Þ

� is difference between the unit-cell number � and 	.
In the present case, there are two Wannier functions ar;að�Þ

and ar;bð�Þ corresponding to Cr;aðkÞ and Cr;bðkÞ, respectively.
ar;að�Þ and ar;bð�Þ satisfied following relations:

a1;að�Þ ¼
1ffiffiffi
2

p
�
�2a3;að�Þ �

1

2
fa3;að� þ 1Þ þ a3;að� � 1Þg

þ
1

4
ð
�þ1þ	;	 þ 
��1þ	;	Þ

�
;

a1;bð�Þ ¼
1ffiffiffi
2

p
�
�2a3;bð�Þ �

1

2
fa3;bð� þ 1Þ þ a3;bð� � 1Þg

�
1

4
ð
�þ1þ	;	 þ 
��1þ	;	Þ

�
ð18Þ

a2;að�Þ ¼ a5;að�Þ ¼ 0; a2;bð�Þ ¼ a5;bð�Þ ¼ 0 ð19Þ

a3;að�Þ ¼
1ffiffiffi
2

p
1

2�

Z �
��

cosð�kÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p dk þ
1

2

�þ	;	

� �
;

a3;bð�Þ ¼
1ffiffiffi
2

p
1

2�

Z �
��

cosð�kÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p dk �
1

2

�þ	;	

� �
ð20Þ

a4;að�Þ ¼
1ffiffiffi
2

p
1

2�

Z �
��

cosð�kÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p dk �
1

2

�þ	;	

� �
;

a4;bð�Þ ¼
1ffiffiffi
2

p
1

2�

Z �
��

cosð�kÞ
2
ffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffiffi
3þ 2 cos k

p dk þ
1

2

�þ	;	

� �
ð21Þ

a6;að�Þ ¼
1ffiffiffi
2

p
�
�2a3;að�Þ �

1

2
fa3;að� þ 1Þ þ a3;að� � 1Þg

�
1

4
ð
�þ1þ	;	 þ 
��1þ	;	Þ

�
;

a6;bð�Þ ¼
1ffiffiffi
2

p
�
�2a3;bð�Þ �

1

2
fa3;bð� þ 1Þ þ a3;bð� � 1Þg

þ
1

4
ð
�þ1þ	;	 þ 
��1þ	;	Þ

�
ð22Þ

where 
�þ	;	 is Kronecker’s delta. These relations were
deduced by using the addition theorem of cosine functions.
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We note that all the arð�Þ are even functions with respect
to �, that is,

arð�Þ ¼ arð��Þ ð23Þ

This is guaranteed by eq 14.
Here, we describe degree of localization in each Wannier

function. The 	-th Wannier function is localized only at
ð	� 1Þ-th cells. For example, � dependence of ar;að�Þ and
ar;bð�Þ in 5 were shown in Figure 7. We can see that ar;að�Þ
and ar;bð�Þ (r ¼ 1, 3, 4, and 6) decreases when the absolute
value of � increases. That is:

0 < � � � jarð�3Þj < jarð�2Þj � jarð�1Þj < jarð0Þj
> jarð1Þj � jarð2Þj > jarð3Þj � � � > 0

ð24Þ

In particular, arð�Þ with j�j > 2 were trivial compared with
arð0Þ and arð1Þ. Therefore, we supposed that:

arð�Þ ¼ 0 when j�j � 2 ð25Þ

This situation was schematically illustrated in Figure 8. For
example, the 	-th Wannier function  	 is spread over the
ð	� 1Þ-th cells. Similarly, the ð	þ 1Þ-th Wannier function
 	þ1 is spread over the fð	þ 1Þ � 1g-th cells. Then,  	 and
 	þ1 span common atoms between the 	-th and ð	þ 1Þ-th
cells expressed by shadow. As is shown later, such common-
spanned regions between 	-th and ð	þ 
Þ-th Wannier func-
tions is formulated as effective two-electron wave function
PNBCO	;	þ
, and play an important role in ferromagnetic
interactions in organic-radical assemblies.
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Figure 7. Wannier-function coefficients in 5.
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The electronic configuration of the ferromagnetic state of 5
is described in Figure 9. We note that there are two degenerate
NBCO bands ‘‘a’’ and ‘‘b’’ corresponding to the two independ-
ent Wannier functions. Then, the ferromagnetic interactions
occur between two Wannier functions with different index 	
in the same band, and all the index 	 in the different band.
However, taking account of interactions within the 	-th and
ð	þ 1Þ-th cells, we can describe qualitative descriptions of
the ferromagnetism. The possible ferromagnetic interactions
in the two bands are schematically shown in Figure 9. Each
interaction between the 	-th and ð	þ 
Þ-th cells creates ex-
change integral K	;	þ
. From eq 25, ferromagnetic interactions
of more than two adjacent cells are considered to be trivial.
Therefore, putting 
 to be 0 or 1, we focus on amplitude pat-
tern in the product of Wannier functions  	 	þ
, which is
an effective two-electron wave function consisting of the prod-
uct of the 	-th and ð	þ 
Þ-th Wannier functions.

This is constructed as PNBCO	;	þ
:

PNBCO	;	þ
 ¼  	ð1Þ 	þ
ð2Þ ¼
XN
�

Xn
r

arð�� 	Þ��;rð1Þ

 !

	
XN
�0

Xn
s

asð�0 � 	� 
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 !

¼
XN
�þ	
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 !

	
XN
�0þ	0
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s
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�
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Figure 8. Degree of localization in the Wannier functions. The 	-th Wannier function  	 is spread over ð	� 1Þ-th cells. In
ferromagnetic stacking modes, the 	-th and ð	þ 1Þ-th Wannier-functions ( 	 and  	þ1) span common atoms between 	-th
and ð	þ 1Þ-th cells.
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Figure 9. Electronic configuration of ferromagnetic states in organic-radical assemblies.
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¼
Xn
r

farð�1Þ�	�1;rð1Þ þ arð0Þ�	;rð1Þ þ arð1Þ�	þ1;rð1Þg

" #

	

"Xn
s

fasð�1Þ�	�1þ
;sð2Þ

þ asð0Þ�	þ
;sð2Þ þ asð1Þ�	þ1þ
;sð2Þg

#
ð26Þ

where eq 24 is applied in the approximation. The electron
numbers ‘‘1’’ and ‘‘2’’ were added in bold letters for clarifica-
tion. When the NDO approximation was applied, eq 26 is fur-
ther approximated as follows:
when 
 ¼ 0,

PNBCO	;	 ¼� C

Xð	� 1Þ-th cell

r

farð�1Þ2�	�1;rð1Þ�	�1;rð2Þg

þ
X	-th cell

r

farð0Þ2�	;rð1Þ�	;rð2Þg

þ
Xð	þ 1Þ-th cell

r

farð1Þ2�	þ1;rð1Þ�	þ1;rð2Þg

2
66666666664

3
77777777775

¼� C
X	-th cell

r

farð0Þ2�	;rð1Þ�	;rð2Þg

" #
ð27Þ

when 
 ¼ 1,

PNBCO	;	þ1 ¼� C

" X	-th cell

r

farð�1Þarð0Þ�	;rð1Þ�	;rð2Þg

þ
Xð	þ 1Þ-th cell

r

farð0Þarð1Þ�	þ1;rð1Þ�	þ1;rð2Þg

#

¼ C

" X	-th cell

r

farð0Þarð1Þ�	;rð1Þ�	;rð2Þg

þ
Xð	þ 1Þ-th cell

r

farð0Þarð1Þ�	þ1;rð1Þ�	þ1;rð2Þg

#

ð28Þ

where arð�1Þ2 was ignored comparing with arð0Þ2, because
eq 25 was supposed.

In eq 28, even-function character of arð�Þ (eq 23) was
applied. The first and second summations are taken in the
	-th and ð	þ 1Þ-th cell, respectively. C in each expressions
is chosen so that PNBCO	;	þ
 is normalized under the NDO
approximation. NDO approximation is useful for description
of NBMO-degenerate systems.16–18 These expressions makes
it possible to obtain schematic representation of PNBCO	;	þ

by simple product between the coefficients on the same atomic
site in the 	-th and ð	þ 
Þ-th cells. PNBCO	;	þ
 with 
 = 2

is not important due to the high localization of the Wannier
functions.

Since NDO approximation was applied, the PNBCO	;	þ

contained only ionic terms, that is, �	;rð1Þ�	;rð2Þ and
�	þ1;rð1Þ�	þ1;rð2Þ. Therefore, the squared amplitudes of the
PNBCO	;	þ
 represent instabilities of anti-parallel-spin states.
In short, since simultaneous occupancy of two electrons with
parallel spin at the same atomic orbital is forbidden by the

Pauli principle, resultant reduction of Coulomb repulsion leads
to parallel-spin preference in PNBCO	;	þ
. This situation re-
sembles those in nondisjoint biradicals and ally-radical dimers
described in the previous section, in which sums of the the
squared amplitudes of PNBMOs represent singlet instabili-
ties.11,16 Therefore, apart from the normalization factor, the
sum of the squared amplitudes of PNBCO	;	þ
 is considered
to be approximately proportional to exchange integral between
the two Wannier functions  	 and  	þ
. Such a consideration
is consistent with recent studies of non-Kekulé oligomers
and/or polymers using the Lij index.

11–13

By using the Wannier-function coefficients, it is shown that
the total exchange integral K in 5 is approximately proportion-
al to the number of unit cells as follows:

K ¼
Xband a

	

X
� 6¼0

Ka
	;	þ� þ

Xband b

	

X
� 6¼0
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	;	þ�

þ
Xband a and b

	

X
�
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	;	þ� þ

Xband b and a

	

X
�

Kb;a
	;	þ�

¼� NfKa
	;	þ1 þ Kb

	;	þ1 þ Ka;b
	;	þ1 þ Kb;a

	;	þ1g þ NKa;b
	;	

/ 2N
X	-th cell

r

far;að0Þ2ar;að1Þ2 þ ar;bð0Þ2ar;bð1Þ2

þ ar;að0Þ2ar;bð1Þ2 þ ar;bð0Þ2ar;að1Þ2g

þ N
X	-th cell

r

ar;að0Þ2ar;bð0Þ2

¼ N
X	-th cell

r

½2far;að1Þ2 þ ar;bð1Þ2gfar;að0Þ2 þ ar;bð0Þ2g

þ ar;að0Þ2ar;bð0Þ2

¼ N 	 const ð29Þ

where exchange integrals within the 	-th and ð	þ 1Þ-th cells
were taken into account. The coefficient 2 is resulted from am-
plitude identity of the 	-th and ð	þ 1Þ-th cells in PNBCO	;	þ1.
Strictly speaking, Wannier functions in band ‘‘a’’ and ‘‘b’’
should be transformed by unitary matrix so as to minimize
the exchange integrals due to their degeneracy. This will be
approximately realized so that sum of all the terms are mini-
mized by using the Aoki–Imamura method.11 But, in this pa-
per, we only emphasize that the exchange integral per unit cell
is approximately constant due to the Wannier-coefficient
dependence, as described above.

Figure 10 shows the amplitude pattern of  	,  	þ1, and
PNBCOs of 5. Of all the PNBCOs, only PNBCO	;	þ1 in the
same band were shown for simplicity. In 5,  	 and  	þ1

are quasi nondisjoint because the product between them, that
is, PNBCOs are not zero in band ‘‘a’’ and/or ‘‘b.’’ Therefore,
PNBCOs are rich in ionic terms. This is essentially the origin
of ferromagnetism of 5.

Next, as another example of the ferromagnetic stacking
mode, the Wannier functions and PNBCOs of 6 were analyzed.
When we focus only on the linkage of carbon atomic sites, it
can be seen from Figure 11 that 6 is topologically identical
to non-Kekulé-like skeleton 60. The unit cell contains six car-
bon atomic sites as shown in Figure 11. Analogous to 5, The
Bloch and Wannier functions of 6 was deduced as following:
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Figure 10. Schematic representation of the Wannier functions in 5. Their product PNBCOs are also shown.
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The amplitude-pattern analysis is similarly described in
Figure 12. From Figure 12, we can imagine that the PNBCOs
also become ionic rich under the NDO approximation, because
two localized NBCOs also span common atoms around the
	-th cells. Thus, this is also a quasi-nondisjoint polymer. This
is the origin of ferromagnetism of 6.

Finally, we analyze an antiferromagnetic organic-radical as-
semble 7. The topological linkage is reduced as 70 shown in
Figure 13. Although the starred and unstarred atoms are linked
to each other, this is predicted to be antiferromagnetic, as
shown below. In contrast to the assemblies 5 or 6, the unit cell
of 7 can be chosen so as to contain only one allyl radical,
because the formal skeleton 70 consists of �–� stacking with
an allyl-radical-moiety period. The unit cell is defined as
shown in Figure 13.

The secular equation and NBCOs become:

x 1þ eik 0

1þ e�ik x 1þ e�ik

0 1þ eik x

�������
������� ¼ 0 ð41Þ

C1ðkÞ ¼ �C3ðkÞ ¼
1ffiffiffi
2

p ð42Þ

C2ðkÞ ¼ 0 ð43Þ

These Bloch-function coefficients are independent of wave-
number k, and thus, the corresponding Wannier functions
become:

a1ð�Þ ¼ �a3ð�Þ ¼
1

2�

Z �
��

expfið�� 	Þkg
1ffiffiffi
2

p dk

¼
1ffiffiffi
2

p 
�	� ¼ ð�� 	Þ ð44Þ

a2ð�Þ ¼ 0 ð45Þ

Thus, due to the Kronecker’s delta, each Wannier function
of 7 is localized only at one unit cell. This is schematically
shown in Figure 14. Under the NDO approximation, each
PNBCO vanishes, and thus, anti-parallel-spin instabilities are
not deduced. When the NDO approximation was not applied,
each PNBCO contains only covalent terms, which resembles
valence-bond-type wave functions. In such a case, exchange
integrals between each PNBCO become negative due to bond-
ing interactions, similar to valence-bond theory. Thus, low-
spin ground state is expected in 7. Indeed, as is shown in the
next section, density-functional-theory (DFT) calculations
predicted the low-spin ground state of 7.

Discussion

The total exchange integrals K in the ferromagnetic stacking
modes are considered to be approximately proportional to the
sum of the squared amplitudes of PNBCOs, as described
above. K is considered to be proportional to the energy differ-
ence �EHS{LS between the highest-spin state and lowest-spin
state, and monotonously increase with respect to N. In partic-
ular, when N is large, �EHS{LS will be well proportional to N.
That is:

K / �EHS{LS / N ð46Þ

Thus, we calculated high-spin stabilities of oligomers (N ¼ 2,
4, 8, and 16) corresponding to 5 and 6 by DFT calculations,
and N dependence of �EHS{LS was confirmed. The low-spin
stability of 7 was also confirmed by the same method as a com-
parative example.

DFT Calculations. Figure 15a shows a plot of DFT-
calculated �EHS{LS (kJmol�1) versus N for 5. �EHS{LS

was calculated at B3LYP/3-21G level of theory20–22 by
using Gaussian.23 If the spin contamination is well removed,
this level of theory is suitable for description of qualitative
high-spin stabilities in NBMO-degenerate systems.13 In the
calculations, all the adjacent C–C and C–H lengths were fixed
at 1.40 and 1.09 Å, respectively, and C–C–C angles were fixed
at 120.0� within allyl-radical units and 90.0� between the unit-
linking points. The distances between the allyl-radical centers
were fixed at 1.40 Å. In the present case, all the spin-squared

6 6'

N1 2 3

4 5 6

µ

Figure 11. Carbon atomic linkage in 6. The skeleton of 6 is
formally reduced as 60.
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expectation values hS2i were almost purely obtained after
annihilation, that is, hS2i ¼ 2:0000, 6.0025, 20.0039, and
72.0093 for high-spin states with N ¼ 2, 4, 8, and 16, respec-
tively. All the corresponding low-spin states were obtained
as pure singlet with hS2i ¼ 0:0000. It can be seen from
Figure 15a that �EHS{LS monotonously increases with N,
and is approximately linear with respect to N. The deviation
from linearity in small N is probably due to lack of enough size
or some effects of the end groups. In large N (>� 10), we can
expect high-spin stability proportional to N. The N-depen-
dence of �EHS{LS is almost linear, because the essential ampli-
tude pattern of PNBCO	;	þ
 is independent of 	, as seen
from eq 26.

Next, a similar plot for polymer 6 is shown in Figure 15b.
We obtained high-spin states with hS2i ¼ 2:0000, 6.0001,

20.0003, and 72.0006 for N ¼ 2, 4, 8, and 16, respectively.
All the corresponding low-spin states were also obtained as
pure singlet with hS2i ¼ 0:0000. �EHS{LS was also linear with
respect to large N. Since the amplitude pattern of each
PNBCO	;	þ
 is also independent of 	, the N-dependence of
�EHS{LS is also reasonable.

Finally, Figure 15c shows N-dependence of �EHS{LS in 7.
The high-spin states were obtained with hS2i ¼ 2:0000,
6.0002, 20.0006, and 72.0004 for N ¼ 2, 4, 8, and 16, respec-
tively. All the corresponding low-spin states were also ob-
tained as singlet with hS2i ¼ 0:0000. It can be seen that this
is a low-spin-preference polymer, because �EHS{LS decreases
with N. In particular, when N > 10, this polymer clearly be-
came antiferromagnetic. This is due to lack of high-spin stabil-
ities in the PNBCOs, as formulated above. This is not only an
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Figure 12. Schematic representation of the Wannier functions in 6. Their product PNBCOs are also shown.
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interesting example in which a simple spin-polarization rule
does not hold, but also an important organic-radical assemble,
which supports our spin-preference analysis.

Conclusion

Ferromagnetic interactions in organic-radical assemblies
were deduced under periodic boundary conditions. Although
the topological-linkage patterns apparently contained pentava-
lent carbon atomic sites due to the three dimensionalities, it

was shown that the degenerate non-bonding crystal orbitals
(NBCOs) were subject to orbital mixing to form Wannier-
transformed NBCOs, analogous to non-Kekulé polymers.
Whereas in the ferromagnetic stacking modes the NBCOs
were spread over more than two adjacent unit cells, in the
antiferromagnetic stacking modes the NBCOs were localized
only at one unit cell. High-spin preferences in the ferromagnet-
ic stacking modes were attributed to anti-parallel-spin instabil-
ities in effective two-electron wave functions consisting of

+1

0.707 -0.707

0.707 -0.707

PNBCO , +1 = +1ψ ψν ν ν ν

ψ ν ψ ν

Figure 14. Schematic representation of the Wannier functions in 7. Their product PNBCOs vanish under the NDO approximation.

7 7'

N
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µ

Figure 13. Carbon atomic linkage in 7. The skeleton of 7 is formally reduced as 70.
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products of NBCOs (PNBCOs). Our analysis was supported by
theoretical calculations.
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Figure 15. Relative high-spin stabilities �EHS{LS (kJ
mol�1) in 5 (a), 6 (b), and 7 (c) at B3LYP/3-21G level
of theory. The calculated ground-state energies for the
dimers corresponding to 5 and 6 are �232:806839641
and �232:909933718 hartree, respectively, and for 7,
identical to that in 5.
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